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Microfluidic-based concentration gradient generators (CGGs) have a number of applications in chemical,
biological and pharmaceutical studies. Thus, precise design of the microfluidic system is crucial to main-
taining the desired concentration gradient in microchannels. One of the design considerations is the
length of microchannels in the structure of a CGG. A CGG with a short length fails to provide the complete
diffusive mixing, while the size of the microchip would unfavorably increase by incorporating a long CGG.
Considering a CGG as a tree-like structure consisting of T-shaped micromixers, the mixing process of the
species at a straight microchannel has been solved analytically. Herein, we define a new non-dimensional
parameter (i) as the ratio of the minimum length of the microchannel required for the desired fluid mix-
ing to the product of the channel width and Peclet number. The numerically obtained values of ¥ (i.e.,
0.22 and 0.17 for 95% mixing in straight and serpentine micromixers, respectively) are in good agreement
with the experimental results. The numerical simulation also shows that the value of  is the same for all
micromixers in a CGG with the similar microchannel structure (e.g., straight or serpentine) and is inde-
pendent of the channel size (width-to-depth ratio) and fluid velocity. Therefore, iy can be computed only
once for any micromixer with different structures (e.g., zigzag, square wave, and so forth) and then con-
sidering this constant value of s, the minimum required length of all other micromixers in a CGG with
similar repetitive structures and dimensions at the specified flow rates could be designed quickly and
precisely.
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1. Introduction their concentrations in a microenvironment for monitoring the cel-
lular reaction and drug screening (Moghadas et al., 2017; Nguyen
et al.,, 2013). To this aim, concentration gradient generators (CGGs)

should be integrated in such microfluidic devices to precisely gen-

Over the past decade, microfluidic technology has shown great
promise to revolutionize the current practice in chemistry (Chiu

et al., 2017), biology (Duncombe et al., 2015; Linshiz et al., 2016;
Zilionis et al., 2017), biomedicine (Khademhosseini and Langer,
2016; Sackmann et al., 2014) and other branches of science
(Kashaninejad et al., 2016; 2018; Liu, 2011; Nimafar et al., 2012;
Wang et al., 2012; 2017). One of the most common applications
of microfluidics is examining the effect of different reagents and
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erated the desired range of the concentrations of the reagents (Jeon
et al.,, 2002; Wang et al., 2004).

One of the most popular CGG designs consists of a series of
micromixers, where the required concentrations are generated.
There are two approaches to the design and fabrication of a CGG:
partial mixing and complete mixing of the fluids in the micromixers.
In CGGs with partial mixing, mass transport, momentum, and con-
tinuum equations are simultaneously solved at each micromixer
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to obtain the outlet concentration (Wang et al., 2006). Although this
approach is useful to estimate the concentration gradient of the fluid
at the outlet of a CGG, it cannot be used to design a CGG to generate a
particular concentration gradient directly. In the complete mixing
approach, the flow rate and the average fluid concentration in each
micromixer are calculated using hydrodynamics equations and
electrical analogy (Toh et al., 2014). The central assumption in this
approach is the complete mixing of the fluids at the outlet of each
micromixer. As such, the length of the mixing channel must be long
enough. Since the required length is a function of flow rate and
dimensions of the mixing channel, finding a straightforward
method to estimate the required mixing length is very crucial.

In this regard, Jeon and colleagues proposed that linear concen-
tration gradients can be generated with a symmetric microchannel
network with two inlets (Jeon et al., 2000). Dertinger et al.
extended their design by creating the gradients with complex
shapes (including linear, parabolic and periodic) using networks
of microchannels, which were spatially and temporally stable
(Dertinger et al., 2001). Similarly, a three-inlet CGG to generate a
polynomial gradient was proposed (Chung et al., 2005). Later, Lin
and colleagues presented an extended microdevice by adding
two mixer inlets to the gradient generating network (Lin et al.,
2004). In that design, the flow rates could be independently con-
trolled by syringe pumps to generate temporal and spatial concen-
tration gradients. Walker and others (Walker et al., 2005) used
simplified numerical model and experiments to investigate the sta-
bility of the linear concentration gradient generated by a CGG com-
posed of two inlets and four outlets.

In order to generate an intended concentration gradient in a
direction perpendicular to the direction of the fluid flow, a tree-
like structure is commonly used. In a tree-like CGG, two solutions
with different concentrations meet each other at a T-junction and
are combined. These junctions are repeated, and finally, the desired
concentration gradient across the main microchannel is generated
based on the controlled diffusive mixing of laminar flow (Lee et al.,
2011). Samples with different concentrations should be completely
mixed to generate a uniform concentration along the width of the
channel before splitting so that the electrical analogy can be used.
Because of low Peclet number (Pe = UL/D, where U, L, and D are
respectively the average fluid velocity, the width of the microchan-
nel, and the diffusion coefficient) in microchannels, the diffusion
process is the dominant mechanism of mixing, which is an inher-
ently slow process. As such, rapid mixing in microchannels is nec-
essary to reduce the characteristic length of the microfluidic

device. This is challenging for the systems with high flow rates
or low diffusion coefficients. To overcome this limitation, passive
and active mixers have been developed (Suh and Kang, 2010). Pas-
sive mixing can be obtained by increasing the contact area
between the mixing species by changing the microchannel config-
urations such as serpentine or zigzag structures while active mix-
ers enhance the mixing by external forces such as magnetic or
electric field (Lee et al., 2011). One of the initial steps in designing
passive CGGs is the estimation of the channel length required to
thoroughly mix the fluid in each branch of the device. This step
is often performed by employing numerical solutions, which are
difficult and time-consuming especially when the number of
micromixers increases.

Fig. 1 shows a T-junction where one inlet stream with unity
concentration (c=1) enters the main channel and mixes with
another inlet stream with zero concentration (c=0). L and w are
the width and depth of the channel respectively, and h is the initial
width of the stream with unity concentration. Depending on the
flow rate of the inlet streams, sample concentrations in the width
of 0<y<h and h <y < Lof the inlet of the main channel are
assumed to be one and zero, respectively. h/L = 0.5 corresponds
to the case where the flow rates of both streams are equal. There
are several mathematical solutions for specifying the concentra-
tion distribution in similar mixing systems (Jeon et al., 2000; Wu
and Nguyen, 2005; Wu et al., 2004). Eq. (1) is the result of the first
analytical solution that expresses the spatial concentration distri-
bution of the main channel (Jeon et al., 2000):

C(ny):%zx: erf h/L+2n-y/L h/L-2n+y/L

P 24/Dx/L%u 24/Dx/L*u

where erf stands for error function and L, D and u represent the
microchannel width, diffusivity and average fluid velocity in the
mixing microchannel, respectively. The percent of mixing along
the channel is defined by Eq. (2) (Jeon et al., 2000).

+erf (1)

o le(x.y) — c(co,y)|dy

mixing(x) =1 —
Jy-016(0,y) = c(00,y)|dy

@)

Since in Eq. (1) the concentration is not expressed explicitly, the
integrals in Eq. (2) should be evaluated numerically. Knowing the
concentration at infinity (c(x = oo) = h/L) and considering I terms
in the sum, one can find the percentage of mixing as follows:

Plane A

Fig. 1. Schematic representation of mixing two different concentration streams; Plane A is a cross-sectional view of the entrance of the mixing microchannel, w and L are
depth and width of the channel, respectively. The initial width of the stream with unity concentration is shown by h.
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The micromixers in different generations of a CGG usually have
the same microchannel structure (straight, curved, and so on), and
the same fluid flows in all the microchannels while flow rate and
channel dimensions may vary. As such, the numerical procedure
to find the minimum length required to achieve the desired mixing
length for all of the micromixers is computationally expensive. In
this study, we introduce a new non-dimensional parameter for
the quick estimation of the concentration distribution and mixing
length in a straight channel. The non-dimensional values are
numerically calculated for the straight and serpentine micromixers
and validated by the experimental data. By considering the same
structure and fluid in the microchannels, the numerical simulation
shows that this non-dimensional parameter is constant for all the
micromixers in a typical CGG. The results also confirm that this
parameter is independent of the flow rate or the channel sizes
(the ratio of channel width to depth).

2. Methodology

To find the length required for the desired mixing in a T-shaped
micromixer, analytical equations for convective-diffusive mass
transport are solved using the method of separation of variables.

2.1. Analytical solution

Assuming a steady-state and parallel flow, the 3D governing
equation for mass transport in the microchannel shown in Fig. 1
can be expressed by Eq. (4):

ac o’c  &c ¢

uﬁD<@+8_y2+ﬁ> (4)
where c stands for the mass concentration. By neglecting the entry
region of the microchannel, the fluid flow can be assumed fully
developed within the channel. We also assume that the velocity
(u) in Eq. (4) can be replaced by the average velocity of the channel
(u — U). Moreover, by assuming small Peclet number, the diffusion
along the channel length can be neglected compared to that across
the channel width or depth by using the order-of-magnitude anal-
ysis. Finally, the boundary conditions of this problem can be speci-
fied as follows:

1 0<y<h
C|x:0 =
0 h<y<l
ol _a _ (5)
Wlyo ~ Wy

A
0zlz=0 — 9zlz=w —
By applying the separation of variables method with the even
expansion of the inlet boundary condition, the concentration dis-
tribution in the solution domain can be obtained, Eq. (6).

h &2 h y 5 o Dx
c(x,y) 7Z+; ﬁmn(nnz)cos(nnaexp {—n T U (6)

Considering Eq. (6), one can observe that the ratio of the second
term to the first term of the series is about 5 x 1072, and this ratio
for the subsequent terms becomes considerably smaller. Therefore,
the concentration distribution can be approximated as Eq. (7):

h 2. h y , Dx
c(x,y) = Z+Esm <nz> cos(nz)exp {*TC ﬁ} (7)
Combining, Eqs. (7) and (2), one can find the mixing fraction as
Eq. (8):

o 2 sin(n’z’)exp[—n2 L‘Q—fj]
mixing(x) =1 — 2 R
L L

(8)

According to Eq. (8), the dimensionless number required to
achieve 95% mixing (1) in a straight microchannel can be found
from Eq. (9):

1 12 h h 1 h
w_—ﬁLn{EZO —Z>csc (nzﬂ (9)
where s is defined as:
o XmixingD o XmixingDW o l Xmixing
V= 12U  LQ P L (10)
In the above equation, Q = ULw, Pe = LU/D are respectively the

volumetric flow rate and Peclet number, and Xmixing represents
the corresponding mixing length.

2.2. Numerical simulation

To validate the analytical solution and investigate the effect of
flow profile on mixing length, numerical simulations based on
the finite volume method are used. These numerical simulations
are performed in two types of straight and serpentine T-shaped
micromixers.

The schematic of the straight T-shaped micromixer used in the
simulation is shown in Fig. 2a. The microchannel depth has been
assumed to be 0.3 mm. A structured grid mesh has been generated
for all the simulations, and its size has been selected after perform-
ing the grid independence analysis (Fig. 2b).

Fig. 2c shows the geometry of the serpentine T-shaped micro-
mixer used in the simulation. The microchannel depth has been
assumed to be 0.3 mm. In this micromixer, the mixing length is
measured with a straight line from the microchannel inlet to the
microchannel outlet, while the effective mixing length is measured
along the flow path. The structured mesh constructed for this
model is shown in Fig. 2d.

Since the Reynolds number in these microchannels is small, the
simulations were carried out in a laminar condition. The second-
order scheme was used to discretize the momentum and scalar
transport equations. For the inlet boundary condition, the inlet
velocity and constant concentration were applied. It was assumed
that water flowed from each of the inlet vertical microchannels
with a flow rate of 3 pl/min. So, the flow rate in the main horizontal
microchannel was 6 pul/min. The fluid in the upper microchannel
was assumed to have a concentration of unity while the concentra-
tion of the fluid from the lower microchannel was assumed to be
zero (pure water). Constant pressure was applied at the outlet of
the main microchannel. The physical properties of pure water were
considered for the simulations, viz., fluid density and dynamic vis-
cosity were assumed to be 1000 kg/m> and 0.001 kg/(m s), respec-
tively, and the diffusion coefficient of the dye was estimated as
2.34e—9 m?[s (Wan, 1965).

2.3. Experimental method

The micromixers were fabricated using standard soft lithogra-
phy technique. In brief, a poly(methyl methacrylate) (PMMA) mas-
ter mold was first fabricated using the micro machining technique
with an accuracy of 10 pum. Then, polydimethylsiloxane (PDMS)
was prepared by mixing the pre-polymer and its curing agent with
the ratio of 10-1 and casted on the PMMA master mold to fabricate
the top and bottom layers of the microfluidic system, comprising
both straight and serpentine micromixers. Then, the PDMS molds
were placed in an oven at 90 °C for 90 min. Finally, two layers were
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Fig. 2. a: Schematic of the straight T-shaped micromixer used for the numerical simulation; The units are in mm; b: The structured mesh generated for the straight T-shaped
micromixer; c¢: Schematic of the serpentine T-shaped micromixer used for the numerical simulation; d: The structured mesh constructed for the serpentine T-shaped

micromixer. All the units are in mm.

bonded via oxygen plasma treatment. The fabricated microfluidic
system is shown in Fig. 3a.

To inject the fluid into the microfluidic system with a certain
velocity, a syringe pump was used. Deionized water with a flow
rate of 3 pl/min from one inlet and a diluted solution of Rhodamine
B with a concentration of 107 g/g (water) with a flow rate of
3 pl/min from another inlet was injected. Then, the mixing of the
two fluids was visualized by fluorescent images using an inverted
fluorescent microscope. The concentration distribution of the flu-
ids was measured using the standard image processing technique.
The schematics of this setup is shown in Fig. 3b.

3. Results and discussion
3.1. Maximum mixing length

It can be deduced from Eq. (10) that the dimensionless mixing
length (the dimensionless length required to achieve 95% mixing)
is a function of h/L. This parameter represents the ratio of the upper
to lower flow rates of the microchannels. Knowing the ratio of the
flow rate between two combining streams (h/L), one can find the
dimensionless mixing length from Eq. (9). In Fig. 4, the dimension-
less mixing length is plotted against h/L. As shown, if h/L is 0.5, i.e.,
the flow rates of two inlet streams are equal, the dimensionless
mixing length would be maximized at i = 0.28. Hence, from Eq.
(10), the maximum mixing length in micromixer could be obtained
as follows:

L
Xos59mixing = 0.28 % (11)

where Q and w stand for volumetric fluid flow rate and microchan-
nel depth, respectively.

Although h/L is not necessarily equal to 0.5 in the T-junctions of a
microstructure, the maximum length required for 95% mixing in
straight microchannels could be evaluated by this explicit equation.

3.2. Numerical results for a straight T-shaped micromixer

To investigate the effect of the 3D structure of the flow on the
dimensionless mixing length, the computational fluid dynamic
(CFD) simulation is performed on the straight T-shaped micro-

mixer shown in Fig. 2a. The concentration distribution in T-
shaped micromixer is shown in Fig. 5a.

Fig. 5b compares the results of the percentage of mixing
obtained from the CFD simulation with those obtained from the
analytically derived equation (Eq. (8)). These results show that
the dimensionless mixing length (required to 95% mixing)
obtained analytically is 27% larger than the numerically obtained
one. This difference between the numerical and the analytical
results can be the result of neglecting the entry region and substi-
tuting the average velocity in our proposed analytical solution. As
such, the analytical approach slightly overestimates the mixing
length. So, using the analytical relation proposed in this study,
the minimum mixing length of the micromixer can be approxi-
mated with a safety margin.

3.3. Serpentine T-shaped micromixer

One of the common methods to decrease the mixing length
(and consequently the overall size of the microfluidic device) is
bending the path of fluid flow. To study the effect of this effect
on the improvement of the mixing, fluid flow and mass transport
in the serpentine T-shaped micromixer, shown in Fig. 2c, were sim-
ulated using CFD method. As shown, the straight length of this
microfluidic system is 4.40 mm, while the total stream path length
is 6.68 mm. Thus, with the benefit of serpentine micromixer, the
length of this microfluidic device was reduced by 34.1%.

The results of this simulation for dimensionless concentration is
shown in Fig. 6a. As shown in Fig. 6b, the mixing occurs more
rapidly in the serpentine micromixer than those in the straight
micromixer.

In Fig. 6b, the effective mixing length obtained from CFD simu-
lation of serpentine T-shaped micromixer is compared with the
straight one. The effective mixing length in the serpentine micro-
mixer is 0.17, while it is 0.22 in the straight micromixer. As such,
the effective mixing length was reduced approximately 23% by
using a serpentine micromixer.

3.4. Experimental validation

Fig. 7 compares the CFD and the experimental results for the
mixing fraction along the microchannel for the straight and ser-
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Fig. 3. Serpentine and straight micromixers in a microfluidic system; a: The image of the PDMS fabricated straight and serpentine micromixers, each of them has two fluid
inlets and one outlet; b: The schematics of the experimental setup. The fluid flows through the micromixer using a syringe pump, and the concentration of the dye
(Rhodamine B) was measured from a fluorescent microscope using image processing technique.
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Fig. 4. Variation of the dimensionless mixing length with h/L. The maximum
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streams are equal (h/L =0.5).

pentine T-shape micromixers. As shown, there is a excellent agree-
ment between the numerical and experimental results for both
cases. The root-mean-square relative errors are 3.5% and 5.1% for
straight and serpentine micromixers, respectively.

3.5. Effect of different parameters on

As mentioned, a CGG (2D or 3D) commonly consists of a series
of micromixers with geometrical similarity, Fig. 8. To ensure the
complete mixing of two fluid streams entering each micromixer,
the required mixing length of each micromixer should be com-
puted. In each branch of a CGG, the flow rate and the structure
(and even the cross-sectional area) of each micromixer may be dif-
ferent. Since the resultant CGGs may have a large number of
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Fig. 5. a: Dimensionless concentration contours in the straight T-shaped micro-
mixer obtained from numerical simulation; b: Comparison of numerical and
analytical results of the mixing fraction along the length of the straight T-shaped
micromixer as a function of the proposed non-dimensional mixing parameter.

micromixers with more geometrical complications, numerical sim-
ulation to find the mixing length for each micromixer with differ-
ent flow rate or dimension is computationally expensive.

It should be investigated whether y/ depends on the geometric
or hydrodynamic parameters of each individual micromixer. For
this purpose, a typical micromixer, shown in Fig. 2a, was simulated
using the conditions described in Section 2.2. The depth and the
main channel flow rate of the micromixer were assumed to be
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mixer; b: Mixing fraction along the length of the straight and serpentine T-shaped
micromixer obtained from CFD simulation.
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0.3 mm and 6 pl/min, respectively. The dimensionless mixing
length v/, required to 95% mixing, was calculated 0.22 as expected
according to Fig. 5b. Subsequently, we performed a set of 24 sim-
ulations in which the depth of the channel was varied from 0.06
to 1.5 mm. Assuming constant i, the corresponding mixing length
in each channel was calculated by Eq. (10). It was investigated
whether the mixing fraction in the calculated mixing length of
the channel (constant /) differs from 0.95. The ratio of calculated
mixing fraction to 0.95 is defined as mixing ratio. The mixing ratio

25

oo

Fig. 8. Schematics of a CGG constructed from a series of micromixers with the same
structure and various microchannel depth and fluid flow rate. As the flow rate and
dimensions of each micromixer can be varied, finding the mixing length using
previous techniques to estimate the mixing length for each micromixer is
computationally expensive.

versus channel depths ratio (w/wg, where wy is equal to 0.3 mm) is
shown in Fig. 9. It is evident from this figure that using the pro-
posed non-dimensional parameter, Vs, the mixing length in a CGG
can be estimated with less than 1% error in the expected mixing
fraction.

Similarly, the effect of the flow rate is investigated using various
simulations. We conducted another set of 24 simulations in which
the flow rate varied from 1.2 to 30 pl/min.

The ratio of the calculated mixing fraction to 0.95 versus the
ratio of flow rates (Q/Qo, where Qy is equal to 6 pl/min) is shown
in Fig. 10. As the results show, there is no difference in mixing frac-
tions at constant iy by changing the flow rate of the main
microchannel. Therefore, the non-dimensional parameter, i, can
be used to design a CGG with similar channel structure under dif-
ferent depth as well as flow rate conditions, and this parameter can
be used to predict the expected mixing fraction with an error less
than 1%.

It is more illuminating to explain these results by considering
the diffusion process across the microchannels. If the velocity of
the bulk flow increases, little time is available for diffusive mixing.
So, the required mixing length will be increased. Conversely,
decreasing flow velocity will decrease the mixing length. Keeping
the flow rate and width of the microchannel constant, the flow
velocity is lower in deeper microchannels. Thus, the fluid in deeper
microchannels needs less time to diffuse and reach the side walls.
Hence, the mixing length is shorter in deeper microchannels. Con-
versely, by increasing the fluid diffusivity, diffusion would be more
rapid, so smaller mixing length is needed. These linear relations
can also be inferred from the governing equation of mass transport
(Eq. (4)).

Our simulations confirm that changing the depth of microchan-
nel or the fluid flow rate has no effect on . This can readily be
explained according to the definition of , i.e., Y = Xmixing DW/LQ.
As discussed before, by increasing the flow rate (Q), the mixing
length increases while increasing the width of the channel (w)
decreases the mixing length. So, under both conditions, {y remains
constant. Although in our analytical derivation of y, we ignored the
entrance region and assumed an average stream velocity instead of
the parabolic velocity profile, our numerical simulation showed
that considering these conditions can only alter the numerical value
of . For straight microchannels, we found the value of / as 0.28
and 0.22 analytically and numerically, respectively.

It is evident from the above discussion that the defined dimen-
sionless mixing length is not changed by altering the geometric or
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ratio is defined as the ratio of mixing fraction in the corresponding mixing length of
the channel with a flow rate of Q (constant /) to 0.95.

hydrodynamic parameters in an individual type of micromixer. As
shown in Fig. 8, different values of mixing lengths of various
micromixers placed in several branches of a CGG can be attributed
to the differences in the flow rate and channel dimensions. One can
compute  for a micromixer with desired structure in a CGG for
specific dimensions and flow rate condition and then generalize
it for all other micromixers with different dimensions and under
different hydrodynamic conditions in that CGG structure. As such,
introducing a dimensionless mixing length, which is independent
of the flow rate and channel dimensions, can substantially facili-
tate designing a CGG.

4. Conclusion

In this study, a non-dimensional parameter, 1/, was introduced
for the mixing process in a micromixer. Using an analytical
approach, the value of s for a straight micromixer was approxi-
mated. Then, we used numerical simulation to find the precise val-
ues of i in two different micromixers with straight and serpentine
configurations. These values (0.22 and 0.17 for straight and serpen-
tine micromixers, respectively) were also validated experimentally.
The numerical simulation showed that s should be constant for all
micromixers with the same structure and is not a function of flow
rate or channel sizes (the ratio of channel width to depth).

The main goal of this paper was to define a non-dimensional
parameter, 1, which was constant by changing the flow rate or
the cross-sectional area of a micromixer. Using this non-
dimensional parameter dramatically facilitates the designing of a
CGG. It is sufficient to simulate only one of the micromixers of a
CGG and obtain the value of its corresponding /. In the next step,
knowing that y remains constant by changing the flow rate or the

channel dimensions, the mixing length of the other micromixers in
that CGG can be easily computed. Accordingly, using this non-
dimensional mixing parameter is extremely helpful for more effec-
tively designing CGGs.
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